Snippets of Physics: 15. Hubble expansion for pedestrians by Padmanabhan, T.
259RESONANCE ⎜ March  2009
SERIES  ⎜ ARTICLE
Snippets of Physics
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T Padmanabhan
T Padmanabhan works at
IUCAA, Pune and is
interested in all areas
of theoretical physics,
especially those which
have something to do with
gravity.
M a n y fe a tu re s o f th e e x p a n d in g u n iv e rse , w h ich
sh o u ld b e le g itim a te ly d isc u sse d u sin g g e n e ra l
re la tiv ity , c a n b e sn e a k e d in b y u sin g N e w to n ia n
p h y sic s in a n e x p a n d in g c o o rd in a te sy ste m . In
th is sp e c ia l issu e o n H u b b le , I d e sc rib e se v e ra l o f
th e se fe a tu re s a lo n g w ith so m e c a u tio n a ry c o m -
m e n ts.
S in ce th e la rge-scale d y n am ics of th e u n iverse is essen -
tia lly gov ern ed b y grav ity, an y th eoretical m o d el for
grav ity w ill h ave im p lication s fo r th e large-sca le p h y sics
of th e u n iv erse. T h is w as k n ow n , of cou rse, even to N ew -
ton w h o d id a ttem p t to d escrib e th e u n iverse u sin g h is
id ea s of g rav ity. W e n ow k n ow , h ow ever, th a t th e p rop er
d escrip tion o f g rav ity sh ou ld b e b ased on E in stein 's gen -
eral relativ ity rath er th a n on N ew ton ian id ea s.
It w a s m en tion ed in a p rev iou s in sta llm en t th at th e d e-
scrip tion o f grav ity in E in stein 's th eory is b ased on th e
n otion o f cu rv ed sp acetim e. In th e case of th e u n iv erse,
th is w ill in v olv e trea tin g it a s a cu rv ed sp acetim e w ith a
geom etry d eterm in ed b y th e d istrib u tion o f m atter. T h e
sim p lest of su ch m o d els trea ts th e d istrib u tion o f m atter
in th e u n iverse as u n ifo rm an d iso trop ic (a t su ± cien tly
la rge scales) a n d tries to u n d erstan d th e p rop erties of
th e cu rved sp a cetim e p ro d u ced b y su ch a m atter d is-
trib u tion . W h ile all th ese m ig h t so u n d co m p lica ted , a
su rp risin g fea tu re ab ou t su ch a m o d el of th e u n iverse
is th at m u ch o f its d y n am ics can b e u n d ersto o d fairly
easily { w ith ou t in tro d u cin g com p licated n o tio n s from
gen eral relativ ity. N eed less to say, su ch an ap p roa ch is
¯ lled w ith p itfalls a n d o n e n eed s to co n stan tly verify
th at o n e is n o t gettin g ca rried aw ay b y th e sim p lify in g
Keywords
Cosmology, expansion of the
universe, structure formation.
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It is not possible to
introduce a set of
coordinates on the
surface of a sphere
such that the 'line
interval' reduces to the
Pythagorean form.
This is the difference
between curved and
flat space.
° avo u r of N ew ton ian p h y sics. In th is in sta llm en t, I w ill
d escrib e h ow th ese id ea s w ork .
T h e d i® eren ce b etw een a ° at sp ace an d a cu rv ed sp a ce
can b e en co d ed in th e g en era liza tio n o f P y th a go ras th e-
orem for in ¯ n itesim ally sep a rated p o in ts. F or ex am p le,
a ° at 2-d im en sio n al su rface (say, a p lain sh eet of p ap er)
allow s u s to in tro d u ce stan d ard C artesia n co ord in ates
(x ;y ) su ch th at th e d istan ce b etw een in ¯ n itesim ally sep -
ara ted p o in ts can b e ex p ressed in th e form d l2 = d x 2 +
d y 2 w h ich , o f cou rse, is ju st th e sta n d ard P y th a gora s
th eorem . In co n tra st, co n sid er th e tw o-d im en sion al su r-
face o n a sp h ere of rad iu s r on w h ich w e h ave in tro d u ced
tw o a n gu lar co ord in a tes (µ ;Á ). T h e corresp o n d in g fo r-
m u la w ill n ow rea d d l2 = r 2 d µ 2 + r 2 sin 2 µ d Á 2 . It is n ot
p o ssib le to in tro d u ce an y oth er set of co o rd in a tes o n th e
su rface of a sp h ere su ch th at th is ex p ression { u su ally
called th e l`in e in terval' { red u ces to th e P y th ago rean
form . T h is is th e d i® eren ce b etw een a cu rv ed sp ace a n d
° at sp ace.
M ove on fro m sp ace to sp acetim e a n d from p oin ts to
even ts. In ° at sp a cetim e, w h ich w e u se in sp ecial rela -
tiv ity, th e P` y th a gora s th eo rem ' g en eralizes to th e form
d s 2 = ¡ c2 d t2 + d x 2 + d y 2 + d z 2 : (1)
T h e sp atial co o rd in a tes ap p ear in th e stan d a rd form a n d
th e in clu sio n of tim e in tro d u ces th e all im p o rtan t m in u s
sign . B u t on e ca n liv e w ith it an d treat it a s a g en era liza -
tio n o f th e fo rm u la d l2 = d x 2 + d y 2 to 4 -d im en sion s (w ith
an ex tra m in u s sign ). B u t in a cu rved sp acetim e, th is
ex p ression w ill n o t h old a n d th e co ord in ate d i® eren tials
like c2 d t2 ;d x 2 , etc., in th e in terval w ill get m u ltip lied b y
fu n ctio n s o f sp ace an d tim e. T h is is ju st like ou r u sin g
sin 2 µ d Á 2 rath er th a n ju st d Á 2 to d escrib e th e cu rved
2-d im en sio n al su rface of a sp h ere. T h e p recise m an n er
in w h ich su ch a m o d i¯ cation o ccu rs is d eterm in ed b y
E in stein 's eq u a tio n an d d ep en d s o n th e d istrib u tio n of
m atter in sp acetim e.
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1As usual, we are simplifying the
universe a little bit; it turns out
that you actually need  one more
number characterizing the cur-
vature of the space to describe
the universe completely. But
observations show that this num-
ber is quite close to zero and
hence I will ignore it.
W h ile th is ca n lead to p retty com p licated sp a cetim es
in gen eral, th e la rge-scale u n iverse tu rn s o u t to b e d e-
scrib ed b y a rem arka b ly sim p le g en era liza tio n of th e lin e
in terval in (1 ). W e on ly n eed to m o d ify it in to th e form
d s 2 = ¡ c2 d t2 + a 2 (t)
£
d x 2 + d y 2 + d z 2
¤
; (2)
w h ere th e fu n ction a (t) is called th e e`x p an sion factor'.
A ll th e in form ation a b ou t th e b eh av iou r o f th e u n iverse
is con tain ed in th is sin gle fu n ction w h ich { in tu rn {
can b e d eterm in ed b y E in stein 's eq u ation if w e k n ow
th e con ten ts o f th e u n iv erse1 . H ow ever, even w ith ou t
k n ow in g th e ex p licit form o f a (t), on e ca n ¯ gu re o u t a
lo t of th in g s a b ou t su ch a u n iv erse, as w e sh all see.
T h e key trick is to n otice th a t, at a n y given tim e t,
on e can in tro d u ce a n ew sp atial co o rd in a te r(t) ´ a (t)x
so th a t, at th is in sta n t o f tim e, th e sp a ce lo ok s ju st like
w h a t w e a re a ccu stom ed to in sp ecia l rela tiv ity. T h e r is
called p` rop er co o rd in a te' w h ile x is called th e c`o m ov in g
co o rd in a te'. S in ce th e sp ace lo o k s fam ilia r in term s of
r, on e u ses stan d a rd law s of p h y sics in term s of th ese
p rop er co ord in a tes an d th en tra n slates th em b ack to
x , h op in g for th e b est. A m a zin gly, it w ork s for m o st
p u rp oses.
T o b eg in w ith , co n sid er tw o p a rticles lo cated at x 1 a n d
x 2 = x 1 + ±x w h ich a re in ¯ n itesim a lly sep a ra ted . T h e
co o rd in a te d istan ce b etw een th ese tw o p articles is j± x j
w h ile th e p rop er d istan ce is j± l(t)j = a (t)j±x j. W e n ow
n ote th at, ev en if th e p a rticles d o n o t m ov e in term s of
x -co o rd in a te (i.e., each p article h a s a ¯ x ed x -co ord in ate
w h ich d o es n o t ch an g e w ith tim e) th eir proper sep ara -
tio n ch a n ges w ith tim e b eca u se of th e a (t) fa cto r. T h e
relative velo city at w h ich th ese p articles are m ov in g from
each oth er is given b y
± v =
d ±l
d t
= _a ± x =
_a
a
± l : (3)
T h is resu lt, a s w e ca n see, is essen tia lly H u b b le's law !
It sh ow s th a t th e tw o p articles a re m ov in g aw ay from
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each o th er w ith a sp eed p rop o rtio n al to th eir sep a ration
w h en H (t) ´ ( _a = a ) is p ositiv e.
G iven th is resu lt, o n e can ob ta in several o th er in terest-
in g co n seq u en ces. S u p p ose a n a rrow p en cil of (n ea rly )
m on o ch ro m a tic electrom ag n etic ra d ia tio n crosses th ese
tw o com ov in g o b servers lo ca ted at x 1 a n d x 2 = x 1 + ± x .
W e w a n t to k n ow w h a t freq u en cy th ese tw o o b servers
w ill attrib u te to th e electro m a gn etic ra d ia tion . T h e tim e
for th e electrom agn etic ra d ia tio n to trav erse th e d ista n ce
±l w ill b e ± t = ±l= c. L et th e freq u en cy of th e rad iation
m ea su red b y th e ¯ rst o b serv er b e ! . S in ce th e ¯ rst o b -
server sees th e seco n d o n e to b e receding w ith velo city
±v , sh e w ill ex p ect th e secon d ob serv er to m easu re a
D o p p ler sh ifted freq u en cy (! + ±! ), w h ere
± !
!
= ¡
± v
c
= ¡
_a
a
±l
c
= ¡
_a
a
±t = ¡
± a
a
: (4)
H ow d o es on e in terp ret th is relatio n ? It sh ow s th at th e
freq u en cy of electrom ag n etic rad iation as m easu red b y
th e com ov in g ob serv ers ch a n ges w h en th e ex p an sion fac-
tor a (t) ch an g es w ith tim e. If ± a is p o sitiv e (i.e., if th e
u n iverse is ex p an d in g), ±! is n egative in d ica tin g a red -
sh ift in th e freq u en cy o f ra d ia tio n . In fa ct, th e ab ove
eq u a tio n can b e im m ed iately in tegrated to give
! (t)a (t) = con stan t : (5)
W e th u s con clu d e th a t th e freq u en cy of electro m a gn etic
rad iation ch an g es d u e to ex p a n sio n of th e u n iverse ac-
cord in g to th e law ! / a ¡1 . T h is ap p ro ach w ork s b e-
cau se, in an in ¯ n itesim al reg io n aro u n d an ev en t, on e
can alw ay s u se th e law s of sp ecia l relativ ity. (O n e can
th in k of it a s a varian t of th e so -called principle of equiv-
alence w h ich essen tially tells yo u th at th e g en u in e e® ects
of sp acetim e cu rva tu re a re seco n d ord er in th e sep ara -
tio n b etw een clo se even ts.) T h is is tru e in an y sp a cetim e
b u t w e w ill n o t u su ally b e ab le to in tegrate th e lo ca l re-
su lt an d ob ta in a g lo b al law in a gen era l sp acetim e w h en
The frequency of
electromagnetic
radiation changes
due to expansion of
the universe
according to the law
ω ∝ a–1.
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th e geom etry varies from p o in t to p o in t in sp a ce. W e
cou ld ach ieve it in th is p a rticu la r ca se b eca u se th e m o d -
i¯ ca tio n o f sp acetim e in terva l from th e o n e in (1) to th e
on e in (2) d id n ot in vo lv e an y fu n ction th at d ep en d ed
on th e spatial co o rd in a tes.
In fact, o n e can ob ta in a sim ila r resu lt fo r a n y p article,
n ot ju st p h o ton s. T o d o th is, let u s con sid er a m aterial
p article w h ich p a sses th e ¯ rst ob serv er w ith velo city v .
W h en it h as crossed th e p rop er d istan ce ±l (in a tim e
in terval ± t), it p asses th e seco n d o b server w h o se velo city
(relative to th e ¯ rst o n e) is
±u =
_a
a
± l =
_a
a
v d t = v
±a
a
: (6)
T h e velo city a ttrib u ted to th is p article b y th e seco n d
ob serv er ca n b e o b tain ed b y u sin g th e sp ecial rela tiv istic
law for th e a d d itio n of v elo cities. T h is gives
v0=
v ¡ ± u
1 ¡ (v ±u = c2 )
= v ¡ (1 ¡
v 2
c2
)± u + O
·
(± u )2
c2
¸
= v ¡ (1 ¡
v 2
c2
) v
±a
a
: (7)
R ew ritin g th is eq u ation as
±v = ¡ v (1 ¡
v 2
c2
)
± a
a
(8)
an d in tegratin g, w e get
p =
vp
1 ¡ (v 2 = c2 )
=
co n stan t
a
: (9)
In o th er w o rd s, th e m ag n itu d e of th e 3-m om en tu m d e-
crea ses as a¡ 1 d u e to th e ex p a n sion . If th e p a rticle is
n on -relativ istic, th en v / p an d v elo city itself d ecay s a s
a¡ 1 .
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O n ce w e h av e th e sca lin g of th e m om en tu m of p arti-
cles a n d p h oto n s, on e can p ro ceed fu rth er a n d u n d er-
stan d h ow th e en ergy d en sity of rad iation ch an g es in
an ex p an d in g u n iv erse. T o d o th is, let u s co n sid er th e
d escrip tion of a b u n ch of p h oto n s in term s of a d is-
trib u tion fu n ctio n f (r;p ;t) in p h a se sp a ce. A s u su al,
d N = f (r;p ;t)d 3 rd 3 p g iv es th e n u m b er of p h o ton s in
a sm a ll p h a se volu m e. In ex p an d in g co ord in ates, th e
sp a tia l v olu m e in creases as a 3 w h ile, from o u r p rev i-
ou s resu lt, w e k n ow th at th e m o m en tu m sp ace v olu m e
d ecreases as a ¡3 . S o th e p h ase sp ace vo lu m e elem en t
is in va ria n t an d { sin ce d N is in varian t { th e d istrib -
u tion fu n ction f rem ain s in varian t as th e u n iverse ex -
p an d s. E x p ressin g th e m om en tu m of th e p h oton a s
p = (~! = c)p^ , w h ere p^ is a u n it v ector in th e d irection of
p rop a ga tio n , w e ¯ n d th at th e m om en tu m sp a ce v olu m e
is p rop ortion a l to ! 2 d ! d − w h ere d − d en otes th e so lid
an g le in th e d irectio n of th e m om en tu m p^ . S o w e can
also w rite
d N = f (r;p ;t)d 3 rd 3 p / f (r;! ; p^ ;t)! 2 d 3 r d ! d − :
(1 0)
F u rth er, b eca u se f g ives th e n um ber d en sity o f p h oto n s
p er u n it p h ase vo lu m e, th e co rresp on d in g en ergy d en sity
is given b y (~! )f . It follow s th at th e en erg y d en sity of
rad iation p er u n it ran ge of freq u en cy is p rop ortion a l to
½ / ! 3 f . U sin g ou r p rev io u s resu lt th at th e d istrib u tion
fu n ctio n rem ain s in varian t, w e con clu d e th a t ½ (! )= ! 3
rem a in s in varian t a s th e u n iverse ex p an d s.
T h is h as a very in terestin g con seq u en ce. S u p p ose th e
u n iverse is ¯ lled w ith a rad iatio n b ath , th e en erg y d en -
sity of w h ich h as th e form ½ (! ) = ! 3 F (! = ® ), w h ere ®
is so m e p a ram eter a n d F is so m e a rb itra ry fu n ction of
its argu m en t. A s th e u n iverse ex p a n d s, ½ = ! 3 rem ain s
in va ria n t w h ile ! itself ch a n ges as ! / a (t)¡1 . If w e d e-
n ote th e va lu es m ea su red to d ay b y a su b scrip t 0, th en
! 0 = ! (t)a (t)= a 0 . It follow s th at fo r th e fa cto r ! 0 = ® , w e
Using our previous
result that the
distribution
function remains
invariant, we
conclude that
 ρ (ω) /ω3 remains
invariant as the
universe expands.
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As the universe
expands, a Planck
spectrum remains a
Planck spectrum
with the temperature
redshifting
according to the law
T ∝ a–1.
can w rite
! 0
®
=
! (t)(a (t)= a 0 )
®
=
! (t)
® (a 0 = a (t))
: (1 1)
T h is sh ow s th at th e red sh iftin g o f th e freq u en cy ca n b e
eq u ivalen tly th ou g h t of as resca lin g o f th e p ara m eter ®
as th e u n iverse ex p an d s w ith ® (t) / 1 = a (t). S o th e
rad iation en ergy d en sity of th e form ½ (! ) = ! 3 F (! = ® )
retain s its sh ap e a s th e u n iv erse ex p an d s, ex cep t for an
overall scalin g .
T h e P la n ck sp ectru m of rad iation is on e sp ecia l case
in w h ich en ergy d en sity h as th e ab ove-m en tio n ed fu n c-
tio n al form w ith
½ / ! 3 [ex p (~! = k T ) ¡ 1]¡ 1 ´ ! 3 F (! = T ) : (1 2)
T h e relevan t p a ram eter n ow is th e tem p era tu re o f th e
rad iation . T h erefore, as th e u n iverse ex p an d s, a P la n ck
sp ectru m rem ain s a P lan ck sp ectru m w ith th e tem p er-
atu re red sh iftin g accord in g to th e law T / a ¡1 .
It sh o u ld b e stressed th at th is resu lt h as n oth in g to d o
w ith th erm al eq u ilib riu m ! In fa ct, th e situ a tio n w e are
con sid erin g is p recisely th e oth er ex trem e of th erm al
eq u ilib riu m in w h ich th e rad iation h as co m p letely d e-
cou p led from m atter. T o clarify th is p o in t, let m e b rie° y
d escrib e w h a t h ap p en s in o u r rea lu n iverse. V ery early in
th e evolu tion o f th e u n iverse, ch arg ed p articles a n d p h o -
ton s w ere stro n gly co u p led to ea ch o th er an d ex isted in
th e form o f p lasm a in real th erm o d y n a m ic eq u ilib riu m .
S u ch a stro n g cou p lin g im p lies th at th e ra d ia tio n w ill b e
th erm a lized an d its sp ectra l d istrib u tion w ou ld h ave th e
P lan ck ian fo rm . L et u s assu m e th at a t so m e in sta n t of
tim e, w e sw itch o ® all th e in tera ction b etw een rad iation
an d m atter (in ou r u n iverse th is h a p p en ed w h en it w a s
ab ou t on e-th ou san d th of th e p resen t size). F ro m th at
ep o ch on w ard s, each o f th e p h oto n s h as b een p ro p aga t-
in g in th e ex p an d in g u n iverse w ith its freq u en cy red -
sh iftin g acco rd in g to th e law ! / a¡ 1 . T h e p h oto n s are
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n ot in tera ctin g w ith m atter: th ere is n o ex ch a n ge of en -
ergy a n d th ere is n o p ro cess w h ich m` a in tain s' th erm al
eq u ilib riu m . N everth eless, at p resen t, th e p h o ton s w ill
b e d escrib ed b y a P la n ck d istrib u tio n w ith a red sh ifted
tem p era tu re, b eca u se th e form of th e P lan ck sp ectru m
w ill b e p reserv ed w ith th e tem p era tu re of th e rad iation
d ecreasin g as T / a ¡1 u n d er cosm ic ex p a n sion . T h is is a
p u rely k in em atic e® ect o ccu rrin g for p h o ton s w h ich are
p rop a ga tin g freely th ro u gh th e u n iv erse. In W h eelerian
la n gu a ge, w e g et \th erm a l eq u ilib riu m w ith ou t th erm al
eq u ilib riu m " .
L et u s n ex t tak e a closer lo ok at th e d y n a m ics o f n o n -
relativ istic p articles in su ch an ex p a n d in g u n iverse. C o n -
sid er a p article lo cated at th e co m ov in g co ord in ate x
corresp o n d in g to th e p ro p er co ord in ate r(t) = a (t)x .
E ven if x d o es n o t ch an ge w ith tim e { i.e., even if th e
p article h a s co n stan t co m ov in g co o rd in a te { its p rop er
co o rd in a te r w ill ch an g e w ith tim e d u e to a (t). T h is
w ill in d u ce an a cceleration on th e p article given b y Är =
(Äa = a )r. G iv en o u r u su al p reju d ice th at accelera tio n s
arise d u e to forces, it seem s n atu ral to attrib u te th is ac-
celera tio n to th e ex isten ce o f a g lo b al \cosm ic p o ten tial"
© = ¡ (1= 2)(Äa = a )r 2 , so th a t w e can w rite Är = ¡ r r © .
(T h e su b scrip t r in r r is to rem in d ou rselves th at th e
gra d ien t is w ith resp ect to r an d n ot x ; n ote th a t r r =
a¡ 1 r
x
.) W ith in th e con tex t of su ch N ew to n ia n co n -
sid era tio n s, w e ca n a ttrib u te th is p o ten tia l to a m a ss
d en sity ½ b g (t) su ch th at r
2
r
© = 4¼ G ½ b g (t). S im p le d if-
feren tia tio n of © gives
Äa
a
= ¡
4¼ G
3
½ b g (t) (1 3)
w h ich relates th e ex p an sio n factor a (t) to a u n iform
b ack g rou n d d en sity ½ b g (t) o f m atter in th e u n iverse. It
all seem s n a tu ral to a ssu m e th at th e tota l n u m b er of
p articles w ith in a p ro p er vo lu m e sh o u ld n ot ch an g e a s
th e u n iverse ex p an d s, th ereb y su gg estin g ½ b g (t) / a
¡ 3 .
If you su b stitu te th is in to (1 3), th en it is ea sy to sh ow
In Wheelerian
language, we get
“thermal
equilibrium without
thermal
equilibrium”.
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th at a (t) / t2 = 3 ev en th ou g h w e w ill n o t req u ire th is
resu lt in ou r d iscu ssio n . In th is ap p roa ch , w e th in k of
a larg e n u m b er of p a rticles b ein g d istrib u ted u n iform ly
th rou g h ou t th e u n iverse a n d a ttrib u te © to su ch a collec-
tio n of p articles. T h is is, of cou rse, con cep tu ally a d u b i-
ou s p ro ced u re w ith in th e con tex t of N ew ton ian grav ity
b u t it tu rn s ou t th at { for th e sp eci¯ c ca se u n d er d is-
cu ssion { gen eral rela tiv ity lea d s to th e sa m e resu lt.
G iven th is in terp reta tio n , on e can ask w h a t h ap p en s
if w e p ertu rb th e d en sity in th e u n iverse in a sp ace-
d ep en d en t m an n er so th at ½ b g (t) ! ½ b g (t)[1 + ± (t;x )].
T h e p oten tial w ill ch an ge to ª ´ © + Á w ith th e ex tra
b it Á p ro d u ced b y th e ex tra d en sity ½ b g (t)±(t;x ); th at
is:
r 2r Á =
1
a 2
r 2x Á = 4 ¼ G ½ b g (t)± (t;x ) : (1 4)
W e w ou ld like to in terp ret th is situ ation in term s of a
sy stem of a la rge n u m b er of p a rticles w ith co m ov in g
p o sition s x i, w h ere i = 1;2;::: lab els each of th e p arti-
cles. A s lon g a s a ll th e p articles h av e con sta n t valu es
for x i, a ll of th em w ill m ove aw ay fro m each o th er d u e
to th e ex p an sio n w h ich w e attrib u te to th e p o ten tial © .
T h is is th e sp atially u n iform d en sity situ ation . B u t if
th e p articles a re d istu rb ed from th eir con sta n t x i val-
u es, th en th e m atter d en sity w ill b eco m e n on u n ifo rm {
w ith ± (t;x ) 6= 0 { an d th e p oten tial © is m o d i¯ ed to
ª ´ © + Á . O f co u rse, each of th e p a rticles w ill n ow feel
th e force d u e to th is to tal p o ten tial ª . T h e acceleration
of th e j-th p article, n ow g iv en b y
d 2 r j
d t2
= Äa x j + 2 Äa _x j + a Äx j (1 5)
arises d u e to th e grad ien t o f th e m o d i¯ ed p oten tial ª ´
© + Á . W e n ote th at th e ¯ rst term in th e righ t-h a n d
sid e o f (1 5) is (Äa = a )r w h ich is ju st ¡ r r © . T h erefo re,
r r Á (= a
¡1 r x Á ) sh o u ld lea d to th e oth er tw o term s in
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(15 ). W ith som e rearran g em en t, th is lead s to
Äx j + 2
_a
a
_x j = ¡
1
a 2
r x Á : (1 6)
T h is eq u atio n tells yo u h ow th e com ov in g co o rd in a tes of
th e p articles ch a n ge th ereb y m ak in g th e d en sity d istrib -
u tion o f p articles in th e u n iverse n o n -u n iform w h ich , in
tu rn , gives rise to r x Á . T h e p oten tial Á can b e th o u gh t
of a s b ein g g en era ted b y th e p ertu rb a tio n s from th e u n i-
form d en sity of p a rticles. T h is eq u ation is th e key to
u n d erstan d in g grav ita tio n al clu sterin g in a n ex p a n d in g
b ack g rou n d .
E ach o f th e term s in th is eq u atio n h a s a n in terestin g
in terp retatio n . T h e ¯ rst term Äx j is th e acceleration
corresp o n d in g to th e co m ov in g p osition of th e p article,
w h ich a rises over an d ab ov e th e accelera tion d u e to th e
b ack g rou n d ex p a n sion (th e ¯ rst term in (15) w h ich w e
h ave alrea d y a ccou n ted for b y th e g rad ien t of cosm ic p o -
ten tial). T h e secon d term is a d a m p in g (frictio n ) term
w h ich tries to d ecrea se th e sp eed of th e p a rticle. In fa ct,
if th e righ t-h a n d sid e of (16) is zero, th e eq u ation can
b e in tegra ted to g ive a 2 _x = con stan t or, altern atively
a _x = 1= a . T h is ca n b e rew ritten in th e form
a _x = _r ¡ H r =
1
a
: (1 7)
T h e left-h a n d sid e is th e d ev iation o f th e p rop er velo city
_r from th e H u b b le ex p an sio n velo city H _r. T h e q u an tity
a _x is som etim es ca lled p` ecu lia r velo city ' for n o go o d
reaso n . T h e righ t-h a n d sid e sh ow s th at th is d i® eren ce
d ecay s d ow n a 1= a so th at { in th e ab sen ce of th e r x Á
term on th e righ t h an d sid e o f (1 6) { p articles w ill ten d
to ap p roa ch th e co sm ic ex p an sion velo city. T h is is th e
key e® ect of th e f`rictio n ' term .
F in a lly, th e grad ien t in th e righ t h a n d sid e of (1 6) is
w h a t is keep in g th e a cceleration aliv e an d lead s to grav -
ita tio n al clu sterin g. H ere to o, th ere is on e cu riou s fea -
tu re. T h e p ertu rb ation o f th e b a ck grou n d d en sity, ±(t;x ),
Equation (16) is
the key to
understanding
gravitational
clustering in an
expanding
background.
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An underdense region
of the universe –
usually called a ‘void’
in the distribution of
galaxies – exerts an
effective repulsive
force on the
surrounding matter.
can b e eith er p o sitive or n egative in an y g iv en region
(ex cep t for th e con d ition th a t ± > ¡ 1 to k eep ½ > 0).
T h erefo re, th e so u rce for th e p oten tial Á in (14) can b e
p o sitive d en sity or n egative d en sity ! (T h is is som ew h at
like electrosta tics in w h ich th e ch arg e d en sity can b e p os-
itive or n eg ative.) S o th e grav itatio n al fo rce p ro d u ced
b y th is d istrib u tion can b e attra ctive or rep u lsive in th e
rig h t-h an d sid e of (1 6)! In fa ct an u n d erd en se region of
th e u n iv erse { u su ally called a v` oid ' in th e d istrib u tion
of galax ies { ex erts a n e® ectiv e rep u lsive fo rce o n th e
su rro u n d in g m atter.
B y m u ltip ly in g (16) th rou gh ou t b y a 2 w e can reca st it
in th e form
d
d t
(a 2 _x j) = ¡ r x Á : (1 8)
O b v iou sly, th is eq u ation fo r ea ch o f th e p articles ca n b e
ob ta in ed fro m an ex p licitly tim e-d ep en d en t L a gran gian
of th e fo rm
L =
X
j
µ
1
2
m a 2 _x 2j ¡ m Á
¶
´ K ¡ U ; (1 9)
w h ere w e h ave su m m ed ov er a ll th e p articles w ith th e
u n d erstan d in g th at Á at th e lo cation of ea ch p a rticle is
p ro d u ced b y th e rest of th e p a rticles. T h is L ag ran gian ,
in tu rn , w ill lead to a H am ilton ian of th e form
H =
X
j
µ
p 2j
2m a 2
+ m Á
¶
´ K + U : (2 0)
T h is allow s u s to o b tain a ra th er in terestin g an d cu rio u s
resu lt. W e ¯ rst reca ll th at w h en ever a H a m ilton ian d e-
p en d s ex p licitly o n tim e, w e h ave th e resu lt (d H = d t) =
(@ H = @ t) w h ere th e righ t-h an d sid e is eva lu a ted k eep in g
th e co ord in ates an d m om en ta con stan t. F rom th e form
of H , w e im m ed iately g et (@ K = @ t) = ¡ 2 ( _a = a )K . O n th e
oth er h an d , th e p o ten tial en ergy b etw een an y tw o p a r-
ticles varies a s jr i ¡ r j j
¡ 1 = a ¡1 jx i ¡ x jj
¡1 . T h is im p lies
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th at (@ U = @ t) = ¡ ( _a = a )U . P u ttin g all th ese to geth er,
w e get th e resu lt
d
d t
(K + U ) = ¡
_a
a
(2K + U ): (2 1)
T h is relation go es u n d er th e n am e C` osm ic V irial th e-
orem ' (o r C` osm ic E n erg y eq u a tio n ') a n d is o n e of th e
few ex act resu lts you can o b tain rath er ea sily in th is
p articu la r co n tex t. T h e left-h an d sid e of th e eq u ation
rep resen ts th e ra te of ch an g e of to tal en erg y of a col-
lectio n o f p articles. T h e righ t-h an d sid e tells y ou th at
(K + U ) is n ot con served for su ch a sy stem of p articles
ex cep t in tw o d i® eren t con tex ts. T h e ¯ rst o n e is th e
rath er triv ia l ca se o f _a = 0 w h ich is ju st sta n d ard clas-
sica l m ech an ics w ith ou t a n y b ack gro u n d ex p an sion a n d
th e total en erg y is, o f co u rse, co n served . T h e secon d {
an d m o re cu riou s situ ation { corresp on d s to 2 K + U = 0
w h ich you w ill reco gn ize is th e stan d ard v iria l eq u ilib -
riu m co n d ition fo r a set of p articles in teractin g v ia N ew -
ton ian grav ity. In p ra ctical term s, th is resu lt im p lies th e
follow in g . S u p p o se d u rin g th e ev olu tio n o f th e u n iverse
a b u n ch of p articles com e togeth er a n d form a v irialized
self-grav ita tin g clu ster. T h en , to th e ex ten t w e can ig -
n ore th e in teractio n of th is clu ster w ith th e rest of th e
p articles in th e u n iv erse, its en ergy w ill b e con serv ed .
R ou g h ly sp ea k in g , su ch v irialized clu sters d o n ot p a r-
ticip ate in th e cosm ic d y n a m ics.
F in a lly I w an t to d escrib e an in terestin g an d ex act b o u n d
on th e k in etic en ergy of p a rticles in su ch a clu ster fo rm ed
in th e ex p a n d in g u n iverse, w h ich can b e ob tain ed from
th e cosm ic v iria l th eorem . T o d o th is, w e ¯ rst n ote th at
(21 ) can a lso b e w ritten a s:
d
d t
a (K + U ) = ¡ K _a < 0 (2 2)
S o w e k n ow th a t a (K + U ) is a d ecrea sin g fu n ctio n of
tim e. V ery ea rly o n , w h en n o sign i¯ can t clu sterin g h a s
Virialized clusters
do not participate
in the cosmic
dynamics.
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o ccu rred , w e w ill h ave K ¼ 0 an d U < 0 , m a k in g (K +
U ) n ega tiv e v ery early in th e evolu tion . It th en follow s
th at w e m u st h ave K < ¡ U or rath er K < jU j a t all
tim es. N ex t, n ote th a t (21 ) can a lso b e w ritten a s
d
d t
a 2 (K +
1
2
U ) = ¡
a 2
2
d U
d t
: (2 3)
A s stru ctu res d evelo p in th e u n iverse, p oten tial w ells w ill
get d eep er an d d eep er an d h en ce d (¡ U )= d t > 0 m ak in g
th e left-h an d sid e p ositiv e. In th e early sta ges, sin ce
U ¼ 0, w e h ave (K + U = 2) > 0. H en ce w e co n clu d e
th at, at a n y later tim e K > ¡ (1= 2)U o r K > (1 = 2)jU j.
C o m b in in g w ith th e p rev iou s resu lt, w e get
1
2
jU j < K < jU j : (2 4)
T h is is a rath er n eat resu lt o n th e rela tio n sh ip b etw een
k in etic an d p oten tial en ergies of stru ctu res form ed b y
grav itatio n al clu sterin g , w h ich m u st h old in d ep en d en t
of th e d eta ils o f th e p ro cess!
